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BLOWN-UP ČECH COHOMOLOGY AND CARTAN’S
THEOREM B ON REAL ALGEBRAIC VARIETIES
TOMASZ KOWALCZYK
Abstract. We introduce a concept of blown-up Čech cohomol-
ogy for coherent sheaves of homological dimension ≤ 1 and some
quasi-coherent sheaves on a non-singular real affine variety. Its con-
struction involves a directed set of multi-blowups. We establish,
in particular, long exact cohomology sequence and Cartan’s Theo-
rem B. Finally, some applications are provided, including universal
solution to the first Cousin problem (after blowing up).
1. Introduction
It is known that Cartan’s Theorems A and B do not hold in the
real algebraic case. Nevertheless, in [14] we established a real version
of Theorem A to the effect that for any coherent sheaf F on a non-
singular real affine variety X there exists a multi-blowup σ : Xσ → X
such that the pullback sheaf σ∗F is generated by global sections on Xσ.
In this paper we intend to develop a theory of the so-called blown-up
Čech cohomology groups of quasi-coherent sheaves of global presenta-
tion and with stalks of projective dimension ≤ 1. In particular, we
provide long exact cohomology sequence and a real version of Theorem
B.
Remark 1.1. There are several cases where Theorem B holds: in com-
plex analytic geometry, in algebraic geometry over algebraically closed
field (Serre [17]), in scheme theory (Grothendieck [8], Hartshorne [9])
as well as recent versions in real regulous geometry (Fichou–Huismann–
Mangolte–Monnier [6]) and in regulous geometry over Henselian valued
fields (Nowak, [15] [16]). Note also that the theory of regulous functions
is closely related to that of continuous hereditarily rational functions,
developed by Kollár–Nowak [13]. They used blowups to improve the
functions under study, which is also a basic tool in this paper.
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In Section 2, we make the set of all multi-blowups ofX a directed set.
It is crucial for defining the aforementioned cohomology groups, which
are the direct limits with respect to that directed set. In Section 3, we
prove that the section functor is right exact after blowing up. In Section
4, we provide basic properties of homological dimension of a sheaf.
Section 5 develops the concept of blown-up Čech cohomology. Section
6 provides an application to the first Cousin problem; more precisely,
we show that it is universally solvable after blowing up. Section 7
contains an example of quasi-coherent locally free sheaf F of infinite
rank on R2, such that after any blowup α : Xα → R2, the pull-back
α∗F cannot be generated by global sections.
Our approach combines the technique of coherent algebraic sheaves
and their Čech cohomology, developed by Serre [17] on algebraic va-
rieties over algebraically closed fields, and transformation to a normal
crossing by blowing up.
Throughout the paper, X will be a quasi-projective (hence affine)
real algebraic variety with the structure sheaf OX of regular functions.
We remind the reader that a sheaf F of OX -modules is quasi-coherent
if there exists an open covering {Ui}ni=1 of X such that for each i there
is an exact sequence of sheaves:
O⊕JiX |Ui
φi
−→ O⊕IiX |Ui
ψi
−→ F|Ui → 0.
It is clear that one can take a common J with the biggest cardinality
among Ji for i = 1, 2, . . . n. A sheaf F is coherent if J and each Ii can
be taken finite. A sequence of sheaves is exact if it is exact on stalks.
If σ : Y → X is a morphism of varieties, by σ∗s or (s)σ we denote
the pull-back of a section s or a function f , respectively. For U ⊂ X,
Uσ := σ−1(U) denotes the preimage under σ of U ; similarly, for an
open covering U = {Ui}ni=1, we put U
σ = {Uσi }
n
i=1.
From now on we shall assume that a given real affine variety X is
irreducible and non-singular. In case of a non-singular reducible variety,
every reasoning can be carried out on each component separately. By
a multi-blowup σ : Xσ → X we mean a finite composition of blowups
along smooth centres. We say that a regular function g : X → R on
a non-singular real algebraic variety of dimension d is a simple normal
crossing if, in a neighbourhood of each point a ∈ X, one has
g(x) = u(x)xα = u(x)xα11 x
α2
2 . . . x
αd
d ,
where u(x) is a unit at a, α ∈ Nd and x = (x1, x2, . . . , xd) are local
coordinates near a, i.e. x1, x2, . . . , xd ∈ Oa,X is a regular system of
parameters of the local ring Oa,X .
3One of the basic tools applied in this paper is transformation to
a simple normal crossing by blowing up recalled below (see e.g. [12,
Theorem 3.26]).
Theorem 1.1. Let f : X → R be a regular function on a non-singular
real algebraic variety X. Then there exists a multi-blowup σ : Xσ → X
such that fσ := f ◦ σ is a simple normal crossing. 
A useful strengthening of this theorem, stated below, relies on the
following elementary result (see e.g. [2, Lemma 4.7].
Lemma 1.1. [2, Lemma 4.7] Let x = (x1, x2, . . . , xp) be a regular sys-
tem of parameters of Ox,X . Let α, β, γ ∈ Np and let a(x), b(x), c(x) be
invertible elements in Ox,X . If
a(x)xα − b(x)xβ = c(x)xγ ,
then either α ≤ β or β ≤ α. Here inequality α ≤ β means that αj ≤ βj
for all j = 1, 2, . . . , p. 
We immediately obtain
Corollary 1.1. Let f1, f2, . . . , fk be regular functions on X. Then there
exists a multi-blowup σ : Xσ → X such that fσ1 , f
σ
2 , . . . , f
σ
k simultane-
ously are simple normal crossings which locally are linearly ordered by
divisibility relation near each point b ∈ Xσ.
Proof. Apply Theorem 1.1 to the function
f := f1f2 . . . fk
∏
i<j
(fi − fj).
Then all of the functions fσj and f
σ
i − f
σ
j , i, j = 1, 2, . . . , k, i < j,
simultaneously are simple normal crossing. Now the conclusion follows
directly from the above lemma.

Throughout the paper, greek letters α, β, γ, σ will denote multi-
blowups of X, Xα, Xβ, Xγ, Xσ their domains and calligraphic letters
F ,G,H sheaves on X.
Note finally that blowups of real affine varieties remain affine, as so
are real projective spaces ([3, Theorem 3.4.4]).
2. Directed system of multi-blowups
Given two multi-blowups α : Xα → X, β : Xβ → X we say that
Xα  Xβ if there is a (unique) regular map fαβ making the following
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diagram commute
Xα Xβ
X
α
fαβ
β
Obviously,  is a reflexive and transitive relation on the set of all
multi-blowups of X.
Proposition 2.1. With the relation given above, the set of multi-
blowups of X is a directed set.
Proof. We need to show that for any two multi-blowups σ1 : X1 → X
and σ2 : X2 → X there is a multi-blowup σ3 : X3 → X such that
X3  X1 and X3  X2. Let φ : X1 99K X2 be a rational map which
makes the diagram
X1 X2
X
φ
σ1 σ2
commutative. Let dom(φ) be the biggest Zariski open subset of X1 on
which φ is a regular mapping. Clearly, X2 is an affine variety embedded
into RN ⊂ PN (R) for some N ; embed RN into PN(R) by the map
(x1, x2, . . . , xN ) 7→ (x1 : x2 : · · · : xN : 1).
Then φ can be treated as a map into RN , φ : X1 99K RN , with a
presentation
φ(x) =
(
φ1(x)
q(x)
,
φ2(x)
q(x)
, . . . ,
φN(x)
q(x)
)
,
where φ1, . . . , φN , q are regular on X1 and {q = 0} ∩ dom(φ) = ∅.
Consider a multi-blowup τ : X3 → X1 from Corollary 1.1 applied to
the regular functions φ1, . . . , φN , q onX1. Then we get the commutative
diagram
X3
X1 X2 R
N
P
N
X
τ
φ◦τ
f
φ
σ1 σ2
5with the function f : X3 → PN(R) given by the formula
f = (φ1 ◦ τ : · · · : φN ◦ τ : q ◦ τ).
It follows immediately from the conclusion of Corollary 1.1 that the
map f is regular. Note that the maps σ1, σ2, τ are proper.
We must show that f(X3) ⊂ X2. If y ∈ X3, τ(y) ∈ dom(φ), then
f(y) ∈ X2 by the commutativity of the upper left triangle diagram.
Assume that τ(y) /∈ dom(φ). Let {yn} ⊂ X3 be a sequence converging
to y in the Euclidean topology such that τ(yn) ∈ dom(φ). Such a
sequence can always be found because the blowups are biregular on
a Zariski open subset and a Zariski open subsets of a non-singular
irreducible variety are dense in the Euclidean topology. Let
K := {(σ1 ◦ τ)(yn) : n ∈ N} ∪ {(σ1 ◦ τ)(y)} ⊂ X
and
V := σ−12 (K) ⊂ X2.
Obviously K is a compact set, so is V as σ2 is proper. We get
σ2(f(yn)) = σ2(φ(τ(yn))) = σ1(τ(yn)) ∈ K.
Hence by the definition of V , f(yn) ∈ V . Thus the sequence {f(yn)}
is convergent to f(y) ∈ V ⊂ X2, as desired.

Proposition 2.1 will be crucial for the construction of blown-up Čech
cohomology given in section 5.
Remark 2.1. The above construction for proper schemes was described
in [18]. It was broadly used in the theory of real holomorphy rings (see
e.g. [5]).
3. Section functor is right exact after blowing up
Let τ : Y → X be a morphism of varieties and let F be a sheaf of
OX-modules. For any Zariski open set U ⊂ X we have the canonical
and functorial homomorphism
τ ∗ : F(U)→ τ ∗F(U τ )
such that
(τ ∗s)(y) = s(τ(y))⊗ 1 ∈ (τ−1F)τ(y) ⊗Oτ(y),X Oy,Y = (τ
∗F)y,
for s ∈ F(U) and each y ∈ U τ . The main aim of this section is to prove
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Theorem 3.1. Let
G
θ
→ H→ 0
be an exact sequence of quasi-coherent sheaves on X. Then for any
Zariski open subset U ⊂ X and any section u ∈ H(U) there exists a
multi-blowup α : Xα → X such that α∗u ∈ im θα.
A crucial role in the proof of Theorem 3.1 is played by Lemmas 3.4
and 3.5. Before proving them, we recall three Corollaries 2.1, 2.2, 2.3
from our paper [14]. The first two will be used in the proofs of Lemmas
3.4 and 3.5, and the last (being a corollary to Cartan’s Theorem A) in
Section 5.
Lemma 3.1. [14, Corollary 2.1] Let Q be a regular function on X.
Then for any finite number of regular functions Pi ∈ OX(X) such that
V (Pi) ⊂ V (Q) for i = 1, 2, . . . , k, there exist a multi-blowup σ : Xσ →
X and a positive integer N such that
(QN )σ ∈ P σi · OXσ(Xσ)
for each i = 1, 2, . . . , k. 
Lemma 3.2. [14, Corollary 2.2] Let Q be a regular function on X and
U = X \ {Q = 0}. Then for any f ∈ OX(U) there exist a multi-blowup
σ : Xσ → X and a positive integer N such that (QNf)σ can be extended
to a global regular function on Xσ. 
Lemma 3.3. [14, Corollary 2.3] Let F be a coherent sheaf on X. Then
there exists a multi-blowup σ : Xσ → X such that the pull-back σ∗F
admits a global presentation:
OpXσ → O
q
Xσ
→ σ∗F → 0.

Lemma 3.4. Let F be a quasi-coherent sheaf on X. For any Q ∈
OX(X) and a section s ∈ F(X) such that s|U = 0 with U = X \ {Q =
0}, there exist a multi-blowup σ : Xσ → X and a positive integer N
such that (QN )σσ∗s = 0 in σ∗F(Xσ).
Proof. By quasi-compactness, there is a finite Zariski open covering
{Ui}
n
i=1 of X such that for each i we have:
1) a presentation
O⊕JX |Ui
φi−→ O⊕IiX |Ui
ψi−→ F|Ui → 0,
2) s|Ui = ψi(ti) for some ti ∈ O
⊕Ii
X (Ui).
7Put
Rel (ti, φi(ej) : j ∈ J ;OX(Ui)) :=
=
{
(q, (qj)j∈J) ∈ OX(Ui)⊕OX(Ui)
⊕J : qti +
∑
j∈J
qjφi(ej) = 0
}
=
= lim
−→
Jf⊂J
#Jf<∞
Rel (ti, φi(ej) : j ∈ Jf ;OX(Ui)).
In other words, we express Rel (ti, φi(ej) : j ∈ J ;OX(Ui)) as a direct
limit of modules of relations of ti and finitely many elements indexed
by J . Let
Ii :=
q ∈ OX(Ui) : ∃(qj)j∈Jf ,#Jf <∞ : qti +∑
j∈Jf
qjφi(ej) = 0
 =
= π1 (Rel (ti, φi(ej) : j ∈ J ;OX(Ui))) ⊂ OX(Ui)
for each i = 1, 2, . . . , n; here π1 is the natural projection onto the first
factor, ej is an element of OX(Ui)⊕J which has 1 on j-th entry and zero
elsewhere. Then, for every x ∈ Ui we have
Rel (ti(x), φi(ej(x), j ∈ J ;Ox,X) =
= lim
−→
Jf⊂J
#Jf<∞
Rel (ti(x), φi(ej)(x), j ∈ J ;Ox,X) =
= lim
−→
Jf⊂J
#Jf<∞
(
Rel (ti, φi(ej) : j ∈ Jf ;OX(Ui)) · Ox,X
)
=
=
(
lim
−→
Jf⊂J
#Jf<∞
Rel (ti, φi(ej) : j ∈ Jf ;OX(Ui))
)
· Ox,X =
=
(
Rel (ti, φi(ej) : j ∈ J ;OX(Ui))
)
· Ox,X
because modules of relations commute with flat base change (see e.g.
[4], Chap. I, §2, Remark 2 after Prop. 1). Therefore,
Ii·Ox,X = {qx ∈ Ox,X : ∃(qjx)j∈Jf ,#Jf <∞, qti(x)+
∑
j∈Jf
qjφi(ej)(x) = 0}
and thus, 1 ∈ Ii · Ox,X for every x ∈ Ui ∩ U . Hence we get
Ui ∩ V (Ii) ⊂ Ui ∩ V (Q).
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Clearly, there exists pi ∈ Ii such that V (pi) = V (Ii). Each pi may
be written in the form
pi =
Pi
Ri
with Pi, Ri ∈ OX(X) and V (Ri) ∩ Ui = ∅
for i = 1, 2, . . . , n. Hence
V (pi) ∩ Ui = V (Pi) ∩ Ui
and by Lemma 3.1 there exist a multi-blowup σ : Xσ → X and a
positive integer N such that
(QN )σ|Uσi ∈ P
σ
i |Uσi · OXσ(U
σ
i ), i = 1, . . . , n.
As pi and Pi differ only by a unit on Ui, we get
(QN)σ|Uσi ∈ p
σ
i |Uσi · OXσ(U
σ
i ) i = 1, . . . , n.
Therefore
(QN )σ|Uσi · σ
∗(ti) ∈ p
σ
i |Uσi · σ
∗(ti) · OXσ(U
σ
i ) =
= σ∗(pi|Uiti) · OXσ(U
σ
i ) ⊂ σ
∗(φi(O
⊕J
X (Ui))) = φ
σ
i (O
⊕J
Xσ
(Uσi )),
whence,
(QN )σ|Uσi · σ
∗s|Uσi = ψ
σ
i ((Q
N )σσ∗ti) = 0|Uσi .
This finishes the proof.

Lemma 3.5. Let F be a quasi-coherent sheaf on X with local presen-
tations
O⊕JX |Ui
φi
−→ O⊕IiX |Ui
ψi
−→ F|Ui → 0 i = 1, 2, . . . , n
on a finite Zariski open covering {Ui}ni=1 of X. Consider a finite num-
ber of sections sj ∈ F(Vj) on Zariski open sets
Vj = X \ {Qj = 0}, j = 1, 2, . . . , m
where Qj are regular functions on X. Assume that every Vj is contained
in Ui(j) for some i(j) = 1, 2, . . . , n and that for each j there is a section
tj ∈ O
⊕Ii(j)
X (Vj) such that ψi(j)(tj) = sj. Then there exists a positive
integer N and a multi-blowup σ : Xσ → X such that every section
(QNj )
σσ∗sj , j = 1, 2, . . . , m, extends to a global section on Xσ.
Proof. Since taking pull-back under a multi-blowup does not affect the
assumptions, it suffices to consider only one j = 1, 2, . . . , m. So fix
an index j, and let tji = tj |Ui∩Vj = (tjil)l∈Ii. Since tji is an element
of direct sum, all but finitely many tjil are zero, so every tji can be
9identified with finitely many regular functions on Ui ∩ Vj, indexed by
some subset Ji ⊂ Ii such that #Ji <∞ i.e. tji = (tjil)l∈Ji. We have
tjil =
tjil1
tjil2
, tjil1, tjil2 ∈ OX(X)
and
V (tjil2) ∩ Ui ⊂ V (Qj) ∩ Ui.
Using Lemma 3.2 we can find a positive integer N1 and a multi-blowup
α : Xα → X such that
((Qj)
N1tjil)
α ∈ OX1(U
α
i ) for all j, i, l.
Now define s˜ji := ψαi (((Qj)
N1tji)
α). Then for any two distinct indices
i0, i1 ∈ {1, 2, . . . , n} we have
(s˜ji0 − s˜ji1)|Uαi0∩U
α
i1
∈ (α∗F)(Uαi0 ∩ U
α
i1
)
and
(s˜ji0 − s˜ji1)|Uαi0∩U
α
i1
∩V αj
= 0.
By Lemma 3.4, we can find a multi-blowup β : Xβ → Xα and a positive
integer N2 such that
((QN1+N2j )
α◦ββ∗s˜ji0 − (Q
N1+N2
j )
α◦ββ∗s˜ji1)|Uα◦βi0 ∩U
α◦β
i1
= 0.
Considering all distinct pairs of indices i0, i1, we can assume that the
differences as above vanish for all those pairs. Therefore the sections
((QN1+N2j )
α◦ββ∗s˜ji)|Uα◦βi
, i = 1, 2, . . . , n,
glue together to a global section on Xβ. Thus
σ := α ◦ β : Xβ = Xσ → X
is the multi-blowup we are looking for.

Proof of Theorem 3.1 Let {Vi}ni=1 be a finite Zariski open covering of
U satisfying following two conditions
a)
O⊕JX |Vi
φi
−→ O⊕IiX |Vi
ψi
−→ G|Vi → 0 i = 1, 2, . . . , n
b) there exist sections si ∈ G(Vi) and ti ∈ O
⊕Ii
X (Vi) such that
θ(si) = u|Vi and ψi(ti) = si.
Each Vj is of the form Vj = U \ {Qj = 0} for some Qj ∈ OX(X).
By Lemma 3.5, there exist a multi-blowup α : Xα → X and a
positive integer N such that every section (QNj )
αα∗sj extends to Uα:
(QNj )
αα∗sj ∈ α
∗G(Uα).
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Obviously, (
θα((QNj )
αα∗sj)− (Q
N
j )
αα∗u
)
|V αj = 0
for each j = 1, 2, . . . , m. By Lemma 3.4 there exists a multi-blowup
β : Xβ → Xα and a positive integer M such that
θα◦β
(
(QN+Mj )
α◦β(α ◦ β)∗sj
)
= (QN+Mj )
α◦β(α ◦ β)∗u
for each j = 1, 2, . . . , m. We may, of course, assume that N + M is
even. Then the function
R :=
1∑m
j=1(Q
N+M
j )
α◦β
is regular on Uα◦β , because Vj was a covering of U . We have
R
m∑
j=1
θα◦β((QN+Mj )
α◦β(α◦β)∗sj) = R
m∑
j=1
(QN+Mj )
α◦β(α◦β)∗u = (α◦β)∗u.
This concludes the proof.

Now we state two direct consequences of Theorem 3.1.
Corollary 3.1. Let
G
θ
→ H→ 0
be an exact sequence of quasi-coherent sheaves on X. Consider {Ui}mi=1
a finite collection of Zariski open subsets and sections ui ∈ H(Ui) for
i = 1, 2, . . . , m. Then there exists a multi-blowup α : Xα → X such
that for each i, α∗ui ∈ im θα.
Proof. This can be obtained by repeated application of Theorem 3.1.

Let F be a quasi-coherent sheaf on X. Put
F˜(U) = lim
−→
α
α∗F(Uα),
for any Zariski open subset U of X; direct limit is taken over the
directed set of multi-blowups of X. Obviously, F˜(U) has a structure
of OX(U)-module.
It is clear that any element of F˜(U) can be represented as a class [s]
for some multi-blowup α : Xα → X and some section s ∈ α∗F(Uα).
Corollary 3.2. Let
G
θ
→ H→ 0
11
be an exact sequence of quasi-coherent sheaves on X. Then, for any
Zariski open subset U ⊂ X, the induced sequence of OX(U)-modules
G˜(U)→ H˜(U)→ 0
is exact.
Proof. The above exact sequence is well defined since α∗ is functorial.
Let [s] ∈ H˜(U) with a representative s ∈ α∗H(Uα) for some multi-
blowup α : Xα → X. To finish the proof, it is enough to apply Theorem
3.1 to s.

4. Homological dimension of sheaves
In this section, we assume all rings to be commutative with unity.
By a local ring we mean a ring with unique maximal ideal. Let H be
a quasi-coherent sheaf on X and x ∈ X.
We say that H is of homological dimension k at x, hdim xH = k, if
k is the smallest integer such that there exists a Zariski open neigh-
bourhood U and sets of indices I0, I1, . . . , Ik for which there is an exact
sequence of sheaves:
0→ O⊕IkX |U → O
⊕Ik−1
X |U → · · · → O
⊕I0
X |U → H|U → 0.
We define the homological dimension of H as
hdimH = sup
x∈X
hdim xH.
Obviously, hdimH = 0 iff H is a locally free sheaf. Consequently,
hdimH = 1 means that H is locally a quotient of free sheaves.
Remark 4.1. In the case of a coherent sheaf H, all sets Ij can be finite.
Remark 4.2. If H is of homological dimension k at x and U is a suffi-
ciently small open neighbourhood of x, then hdim yH ≤ k for y ∈ U .
Then for any point y ∈ U the Oy,X-module Hy is of projective dimen-
sion pdHy ≤ k, because the notions of free and projective modules
coincide over a local ring (cf. [11]).
Proposition 4.1. Let H be a coherent sheaf on X and x ∈ X, then
pdHx = hdim xH,
here pdHx is a projective dimension of Ox,X-module.
Proof. The inequality ≤ follows from Remark 4.2. Conversely, let k =
pdHx. Then there is an exact sequence of Ox,X-modules
0 −→ Opkx,X
φxk−→ · · · −→ Op1x,X
φx1
−→ Op0x,X
φx0
−→ Hx −→ 0.
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By [17, I, §2, Proposition 5] the homomorphisms φxj can be lifted to ho-
momorphisms of sheaves on some common Zariski open neighbourhood
V of x:
OpkX |V
φk−→ . . .Op1X |V
φ1
−→ Op0X |V
φ0
−→ H|V .
By [17, I, §2, Theorem 2], imφi and ker φi are coherent for all i =
1, 2, . . . , k and so are the sheaves ker φi/imφi+1 for all i = 0, 1, . . . , k−1.
By assumption, (kerφi/imφi+1)x = 0. Therefore the above equality
propagates to a common Zariski open neighbourhood U ⊂ V of x.
Consequently, the sequence is exact
0→ OpkX |U
φk→ . . .Op1X |U
φ1
→ Op0X |U
φ0
→H|U → 0.
Hence pdHx ≥ hdim xH, as desired.

Remark 4.3. If H is a quasi-coherent sheaf we can get only pdHx ≤
hdim xH, as not every morphism on stalks can be lifted to a neighbour-
hood.
We still need the following result of homological algebra (cf. [10, Part
III, Theorem 2]).
Theorem 4.1. Let
0→ F → G→ H → 0
be a short exact sequence of R-modules over a ring R.
a) If pdG > pdF , then pdH = pdG.
b) If pdG < pdF , then pdH = pdF + 1.
c) If pdG = pdF , then pdH ≤ pdG+ 1.

We can reformulate the above Theorem into a more condensed ver-
sion due to P.M. Cohn, namely
pdG ≤ max(pdF, pdH)
with equality unless pdH = pdF + 1.
As a corollary, we obtain the following proposition, which will be
useful further in the paper.
Proposition 4.2. Let
0→ F → G→ H → 0
be a short exact sequence R-modules over a ring R.
a) If pdG ≤ 1 and pdH ≤ 1 then pdF ≤ 1.
b) If pdF ≤ 1 and pdH ≤ 1 then pdG ≤ 1.
c) If pdF = 0 and pdG ≤ 1 then pdH ≤ 1.
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d) If pdG = 0 and pdH ≤ 1 then pdF = 0.
Proof. This follows directly from Theorem 4.1. 
Given a short exact sequence of coherent sheaves, the corollary below
indicates the cases where if two of them are of homological dimension
≤ 1, so is the third one. Actually, this property may not be preserved
only in the case where both F and G are of homological dimension 1.
Corollary 4.1. Let
0→ F → G → H → 0
be a short exact sequence of coherent sheaves on X.
a) If hdim G ≤ 1 and hdimH ≤ 1, then hdimF ≤ 1.
b) If hdimF ≤ 1 and hdimH ≤ 1, then hdim G ≤ 1.
c) If hdimF = 0 and hdim G ≤ 1, then hdimH ≤ 1.
d) If hdim G = 0 and hdimH ≤ 1, then hdimF = 0.
Proof. Apply Propositions 4.1 and 4.2. 
Proposition 4.3. Let R be an integral domain, and K its field of
fractions. Consider an exact sequence of R-modules
0→ F → G
such that F is free and the projective dimension of G is ≤ 1. Then for
any ring S such that R ⊂ S ⊂ K the induced sequence
0→ F ⊗R S → G⊗R S
is exact.
Proof. Clearly, G = F2/E and F = F1/E where E ⊂ F1 ⊂ F2 are R-
modules and F2, E are free. We have the following short exact sequence
of R-modules
0→ E → F1 → F1/E → 0
where E and F1/E are free. Since free module is projective, the above
exact sequence splits and F1 is also a free module. Therefore the canon-
ical homomorphisms
E ⊗ S → F1 ⊗ S → F2 ⊗ S
are injective, because E →֒ E ⊗ S →֒ E ⊗ K and the problem of in-
jectivity of free modules reduces to the one for K-vector spaces. Con-
sequently, we can regard E ⊗ S and F1 ⊗ S as submodules of F2 ⊗ S.
Hence the canonical homomorphism
(F1/E)⊗ S ∼= (F1 ⊗ S)/(E ⊗ S)→ (F2/E)⊗ S ∼= (F2 ⊗ S)/(E ⊗ S)
is injective as asserted. 
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In the proof of Proposition 5.2, we shall use the following
Corollary 4.2. Let
0→ F → G
be an exact sequence of quasi-coherent sheaves on X such that pdFx =
0 and pdGx ≤ 1 for all x ∈ X.
Then for any multi-blowup σ : Xσ → X the induced sequence
0→ σ∗F → σ∗G
is exact.
Proof. Let σ : Xσ → X be a multi-blowup. Take any x ∈ X, y ∈ Xσ
such that σ(y) = x. We have an exact sequence
0→ (σ−1F)y = Fx → (σ
−1G)y = Gx.
Hence and by Proposition 4.3, we get
0→ (σ∗F)y = Fx ⊗Ox,X Oy,Xσ → (σ
∗G)y = Gx ⊗Ox,X Oy,Xσ ;
the above sequence is exact because Oy,Xσ is a localization of Ox,X .

Lemma 4.1. Let α : Xα → X be a multi-blowup of X and H a quasi-
coherent sheaf on X. If H is of homological dimension ≤ 1, so is the
pull-back α∗H.
Proof. Let α : Xα → X be a multi-blowup of X, take any x ∈ X and
U ⊂ X as in the definition of homological dimension. We have a short
exact sequence of sheaves
0 −→ O⊕I1X |U −→ O
⊕I0
X |U −→ H|U −→ 0.
By the above corollary and right exactness of pull-back we obtain a
short exact sequence of sheaves
0 −→ O⊕I1Xα |Uα −→ O
⊕I0
Xα
|Uα −→ α
∗H|Uα −→ 0.
Since x was arbitrary we get hdimα∗H ≤ 1, as asserted. 
Corollary 4.2 along with Lemma 4.1 and Remark 4.3 yield immedi-
ately the following
Corollary 4.3. Let
0→ F → G
be an exact sequence of quasi-coherent sheaves on X such that hdimF =
0 and hdimG ≤ 1. Then for any multi-blowup σ : Xσ → X the induced
sequence
0→ σ∗F → σ∗G
is exact. 
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5. Blown-Up Čech Cohomology
In this section, we introduce the concept of blown-up Čech coho-
mology for quasi-coherent sheaves of homological dimension ≤ 1. Our
construction combines the classical one due to Serre [17] with direct
limit with respect to the directed set of multi-blowups described in
Section 2.
Let F be a sheaf on X and U = {Ui}ni=1 be a finite Zariski open
covering of X. Put Ui0...iq = Ui0 ∩ Ui1 ∩ · · · ∩ Uiq and
Cq(U ,F) :=
∏
1≤i0,i1,...,iq≤n
F(Ui0i1...iq).
Cq(U ,F) is called the abelian group of q-cochains. We have a chain
complex
· · · −→ Cq−1(U ,F)
dq−1
−→ Cq(U ,F)
dq
−→ Cq+1(U ,F) −→ . . .
where
(dqf)i0i1,...iq+1 =
q+1∑
j=0
(−1)jfi0i1...îj ...iq+1 |Ui0i1...iq+1
for any f = (fi0...iq) ∈ C
q(U ,F). If σ : Y → X is a morphism of real
affine varieties, we get the induced chain complex
· · · −→ Cq−1(Uσ, σ∗F)
dq−1
−→ Cq(Uσ, σ∗F)
dq
−→ Cq+1(Uσ, σ∗F) −→ . . . .
and a canonical chain complex homomorphism
σ∗ : C•(U ,F)→ C•(Uσ, σ∗F);
the canonical homomorphism F(U)→ σ∗F(Uσ) was described in Sec-
tion 3. Therefore σ induces a homomorphism of cohomology complexes
σ∗ : H•(U ,F)→ H•(Uσ, σ∗F).
Let C˜•(U ,F) be the chain complex defined by the formula
C˜•(U ,F) = lim
−→
α
C•(Uα, α∗F)
where the limit is taken over a directed system of multi-blowups of X.
The q-th blown-up Čech cohomology group of F with respect to U
H˜q(U ,F) is the q-th cohomology group of the chain complex C˜•(U ,F).
Remark 5.1. It is well known that direct limit functor commutes with
cohomology functor (see e.g. [1, Theorem 4.14]). Hence
H˜q(U ,F) = lim
−→
α
Hq(Uα, α∗F)
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We now establish long exact cohomology sequence for quasi-coherent
sheaves of homological dimension ≤ 1, which plays a crucial role in
the cohomology theory developed in this paper. The general case of
arbitrary quasi-coherent sheaves is not at our disposal, as pull-back
functor F 7→ α∗F (along with tensor product functor) is not left exact.
But we have of course the following
Proposition 5.1. Let U be a finite Zariski open covering of X and
0→ F → G → H → 0
be a short exact sequence of quasi-coherent sheaves on X. Suppose that
for any multi-blowup σ : Xσ → X the induced sequence
0→ σ∗F → σ∗G
is exact. Then there is a short exact sequence of chain complexes
0→ C˜•(U ,F)→ C˜•(U ,G)→ C˜•(U ,H)→ 0
which induces a long exact sequence of blown-up Čech cohomology with
respect to U
· · · → H˜p(U ,F)→ H˜p(U ,G)→ H˜p(U ,H)→ H˜p+1(U ,F)→
H˜p+1(U ,G)→ H˜p+1(U ,H)→ H˜p+2(U ,F)→ . . .
Proof. Of course the induced short sequence
0→ σ∗F → σ∗G → σ∗H → 0
is exact, and thus the short exact sequence of chain complexes
0→ C˜•(U ,F)→ C˜•(U ,G)→ C˜•(U ,H)→ 0
is exact by Corollary 3.2. Therefore the proposition follows directly.

Hence and by Corollaries 4.2 and 4.3, we immediately obtain
Corollary 5.1. Let U be a finite Zariski open covering of X and
0→ F → G → H → 0
be a short exact sequence of quasi-coherent sheaves on X. Assume that
one of the following conditions holds
i) pdFx = 0 and pdGx ≤ 1 for all x ∈ X.
ii) hdimF = 0 and hdimG ≤ 1.
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Then there is an induced long exact sequence of blown-up Čech co-
homology with respect to U
· · · → H˜p(U ,F)→ H˜p(U ,G)→ H˜p(U ,H)→ H˜p+1(U ,F)→
H˜p+1(U ,G)→ H˜p+1(U ,H)→ H˜p+2(U ,F)→ . . .

We now prove a version of Cartan’s Theorem B for blown-up Čech
cohomologies for some quasi-coherent subsheaves of O⊕IX .
Proposition 5.2. Let F be a quasi-coherent subsheaf of O⊕IX with all
stalks Fx, x ∈ X being free over Ox,X . For any finite Zariski open
covering of X we have
H˜q(U ,F) = 0.
Proof. We have a short exact sequence of quasi-coherent sheaves
0→ F → O⊕IX → O
⊕I
X /F → 0.
By assumptions and Corollary 4.2, for any multi-blowup α : Xα → X
we have a short exact sequence
0→ α∗F → O⊕IXα → O
⊕I
Xα
/α∗F = α∗(O⊕IX /F)→ 0,
hence α∗F ⊂ O⊕IXα .
Any [f ] ∈ C˜q(U ,F), has a representative f ∈ Cq(Uα, α∗) for some
multi-blowup α : Xα → X. Our objective is to find a multi-blowup
β : Xβ → Xα and a (q − 1)-cocycle k such that dk = β∗f . To simplify
the proof we assume that f ∈ Cq(U ,F). Each of the sets Ui is of
the form Ui = X \ {Qi = 0} for some Qi ∈ OX(X). Recall that
Ui0i1...iq = Ui1 ∩ Ui2 ∩ · · · ∩ Uiq and f = (fi0i1...iq) over all (q + 1)-tuples
of indices for which i0, i1, . . . , iq ∈ {1, 2, . . . , n}.
By the assumptions every fi0i1...iq can be identified with a finite tuple
of non-vanishing regular functions on Ui0i1...iq i.e
fi0i1...iq ∈ F(Ui0i1...iq) ⊂ O
⊕I
X (Ui0i1...iq)
where
Ui0i1...iq = X \ {Qi0i1...iq = 0}
and
Qi0i1...iq = Qi0Qi1 . . . Qiq .
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By Lemma 3.5 there exist a multi-blowup α : Xα → X, a positive
integer N1 and a global section gi0i1...iq ∈ α
∗O⊕IXα(Xα) such that for
every (q + 1)-tuple
gi0i1...iq |Uαi0i1...iq
= (QN1i0i1...iq)
αα∗fi0i1...iq .
Consider the image of gi0i1...iq in the quasi-coherent sheaf O
⊕I
Xα
/α∗F . It
is a global section which vanishes on Uαi0i1...iq and thus, by Lemma 3.4,
there exist a multi-blowup β : Xβ → Xα and a positive integer M such
that
(QMi0i1...iq)
α◦ββ∗gi0i1...iq
is a zero section in (β∗(OIXα/α
∗F))(Xβ). Setting N = N1 +M , we get
hi0i1...iq := (Q
M
i0i1...iq
)α◦ββ∗gi0i1...iq =
(QNi0i1...iq)
α◦β(α ◦ β)∗fi0i1...iq ∈ (α ◦ β)
∗F(Xβ).
Since these sections are global, one can always increase N and assume
that the number N is even. Define the global regular function
R :=
1∑n
i=1(Q
N
i )
α◦β
.
Now we are able to define k ∈ Cq−1(Uα◦β , (α ◦ β)∗F) by the formula
ki0i1...iq−1 = R
n∑
i=1
hii0i1...iq−1
(QNi0i1...iq−1)
α◦β
∣∣
U
α◦β
i0i1...iq−1
.
By the very definition of the operator d we have
(dk)i0i1...iq =
q∑
j=0
(−1)jR
n∑
i=1
hii0i1...îj ...iq−1
(QN
i0i1...îj ...iq−1
)β
∣∣
U
β
i0i1...iq
right hand side is a finite tuple of regular functions on Uα◦βi0i1...iq . To finish
the proof we have to show that dk = (α ◦ β)∗f . It is enough to show it
on
⋂
Uα◦β = U , since we are dealing only with rational functions and
U is Zariski open and dense in Uα◦βi0i1...iq . Recall that, since (α ◦ β)
∗f is
a cocycle, we have
0 = (d(α ◦ β)∗f)ii0i1...iq = (α ◦ β)
∗fi0i1...iq+
q∑
j=0
(−1)j+1(α ◦ β)∗fii0i1...îj ...iq .
The following equality holds on U :
ki0i1...iq−1 = R
n∑
i=1
(QNi )
α◦β(α ◦ β)∗fii0i1...iq−1 ,
whence
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(1) (dk)i0i1...iq =
q∑
j=0
(−1)jR
n∑
i=1
(QNi )
α◦β(α ◦ β)∗fii0i1...îj ...iq
Combining the equality (1) with the fact that (α ◦ β)∗f is a cocycle,
we obtain
(dk)i0i1...iq = R
n∑
i=1
(QNi )
β
q∑
j=0
(−1)j(α ◦ β)∗fii0i1...îj ...iq =
= R
n∑
i=1
(QNi )
α◦β(α ◦ β)∗fi0i1...iq = (α ◦ β)
∗fi0i1...iq ;
the last equality follows from the definition of the function R. This
completes the proof.

Now we can readily prove the following real algebraic version of Car-
tan’s Theorem B.
Theorem 5.1. Let U = {Ui}ni=1 be a finite Zariski open covering of X
and let H be a quasi-coherent sheaf which admits a global presentation
such that pdHx ≤ 1 for all x ∈ X. Then H˜q(U ,H) = 0 for q > 0.
Proof. We have a short exact sequence
0→ F → O⊕IX →H → 0.
Obviously, hdim (O⊕IX ) = 0 and pdHx ≤ 1 by assumption. Hence
pdFx = 0 for all x ∈ X by Proposition 4.2. By Corollary 5.1, the
above exact sequence induces the long exact sequence of blown-up Čech
cohomology
· · · → H˜q(U ,F)→ H˜q(U ,O⊕IX )→ H˜
q(U ,H)→ H˜q+1(U ,F)
→ H˜q+1(U ,O⊕IX )→ H˜
q+1(U ,H)→ . . .
By Proposition 5.2
H˜q(U ,F) = H˜q(U ,O⊕IX ) = H˜
q+1(U ,F) = H˜q+1(U ,O⊕IX ) = 0
for any q > 0. Hence H˜q(U ,H) = 0 as asserted.

Corollary 5.2. Let U = {Ui}ni=1 be a finite Zariski open covering of
X and let H be a coherent sheaf of homological dimension ≤ 1. Then
H˜q(U ,H) = 0 for q > 0.
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Proof. By Lemma 3.3 there exists a multi-blowup α : Xα → X such
that α∗H admits a global presentation. We can thus apply Theorem
5.1

The family of finite Zariski open coverings of X can be directed by
refinement relation . Let U = {Ui}ni=1 be the refinement of V =
{Vj}
m
j=1 i.e. U  V. Let τ : {1, 2, . . . , m} → {1, 2, . . . , n} be the
refinement map. Then the homorphism
C˜•(V,F)→ C˜•(U ,F)
does depend on the choice of τ . However, by [17, I, §3, Prop. 3] the
induced map on the cohomology
H˜q(V,F)→ H˜q(U ,F)
does not depend on the choice of τ . Hence we may define
The q-th blown-up Čech cohomology group H˜q(X,F) of F is the
direct limit
H˜q(X,F) = lim
→
U
H˜q(U ,F).
Summing up, Theorem 5.1, Proposition 5.2 and Corollary 5.2 yield
immediately the following general version of Cartan’s Theorem B.
Theorem 5.2. Let F be a sheaf of OX-modules and let U be a finite
Zariski open covering of X. Assume that one of the following conditions
hold
a) F is a quasi-coherent subsheaf of O⊕IX such that pdFx = 0 for
all x ∈ X.
b) F is a quasi-coherent sheaf of global presentation such that
pdFx ≤ 1 for all x ∈ X.
c) F is a coherent sheaf and hdimF ≤ 1.
Then H˜q(U ,F) = 0 and, a fortiori, H˜q(X,F) = 0 for q ≥ 1.

6. A real algebraic version of the first Cousin problem
In this section we deal with the first Cousin problem. The classical
complex version of the first Cousin problem is treated e.g. in [7]. Before
discussing details, we give an outline of the problem. Let U = {Ui}ni=1
be a finite Zariski open covering of X. Assume that for each i we have
a rational function fi on Ui such that fi − fj is regular on Ui ∩ Uj for
each two distinct indices i, j = 1, 2, . . . n. Then we call {(Ui, fi)}ni=1
data of the first Cousin problem or an additive Cousin distribution on
X.
21
Let U be a Zariski open subset of X. We say that two rational
functions f, g onX have the same principal part on U if f−g ∈ OX(U).
The first Cousin problem consists in characterizing those data
{(Ui, fi)}
n
i=1 which have the principal parts of a rational function f on
X, i.e. those for which f − fi are regular on Ui, i = 1, 2, . . . , n. We
then say that the data {(Ui, fi)}ni=1 is solvable. If every first Cousin data
on X is solvable, we say that the first Cousin problem is universally
solvable on X (see e.g. [7], Introduction, §2).
We are going to describe the above problem in terms of sheaves. Let
KX be the constant sheaf of rational functions on X. Consider the
short exact sequence
0→ OX → KX
ϕ
→ HX := KX/OX → 0
of quasi-coherent sheaves on X. The data {(Ui, fi)}ni=1 of the first
Cousin problem can be related to a unique global section s ∈ HX(X);
every such section is called a principal part distribution on X. Then
we also say that {(Ui, fi)}ni=1 is an s-representing distribution. In par-
ticular, for every rational function f ∈ KX(X) we have its principal
part distribution ϕ(f) on X.
Let {(Ui, fi)}ni=1 be an s-representing distribution. Then any rational
function f ∈ KX(X) satisfying ϕ(f) = s is one such that f − fi ∈
OX(Ui) for each i = 1, 2, . . . , n.
Take the short exact sequence of quasi-coherent sheaves
0→ OX → KX → HX → 0.
Then we have merely the following exact sequence of chain complexes
0→ C•(U ,OX)→ C
•(U ,KX)→ C
•(U ,HX).
Under the circumstances, we have the following exact sequence for the
classical Čech cohomologies (cf. [17, Chap I, §3, section 24])
0→ H0(X,OX)→ H
0(X,KX)→ H
0(X,HX)
ζ
→
H1(X,OX)→ H
1(X,KX)→ H
1(X,HX).
The above sequence of chain complexes induces a long exact sequence
for Čech cohomologies whenever the topology of X is paracompact (cf.
[17, Chap I, §3, section 25]). This can be applied in the classical case
of complex analytic geometry (see e.g. [7]).
Clearly, every s-representing distribution {(Ui, fi)}ni=1 determines a
1-cocycle (gij), gij := fi− fj , which induces a cohomology class ζ(s) in
H1(U ,OX). The solvability of a given Cousin data can be rephrased
in terms of vanishing ζ(s) in H1(U ,OX).
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Lemma 6.1. An s-representing distribution {(Ui, fi)}ni=1 is solvable iff
ζ(s) = 0 ∈ H1(U ,OX).
Proof. The necessary condition. Let f be a rational function such that
f − fi ∈ OX(Ui). Then (gij) is a coboundary of a 0-cocycle h given by
hi = fi − f , hence ζ(s) = 0.
Conversely, if ζ(s)=0 then g = dh for some 0-cocycle (h)i. We then
have (hi − hj)|Ui∩Uj = (fi − fj)|Ui∩Uj , and obviously (fi − hi)|Ui∩Uj =
(fj−hj)|Ui∩Uj for any pair of two indices i, j. It follows that the system
(fi− hi) for i = 1, 2, . . . , n can be glued to a global rational function f
such that f − fi ∈ OX(Ui), as asserted.

No natural map from Hq(X,OX) to Hq(U ,OX) exist for arbitrary
covering U . Therefore it is necessary to refine a given covering to
solve the first Cousin problem in complex analytic geometry (cf. [7],
Chapter V). In view of Theorem 5.2., it turns out to be superfluous in
real algebraic geometry after blowing up. This is stated in the following
main
Theorem 6.1. Let {(Ui, fi)}ni=1 be an s-representing distribution. Then
there exists a multi-blowup α : Xα → X such that pull-back {(Uαi , f
α
i )}
n
i=1
is solvable i.e. there exists a rational function f on Xα such that
f − fαi ∈ OXα(U
α
i ).
We need an elementary lemma
Lemma 6.2. For any multi-blowup α : Xα → X, we have a short exact
sequence
0→ OXα → KXα → HXα → 0
of quasi-coherent sheaves on Xα.
Proof. For any y ∈ Xα, x = α(y) ∈ X the inclusion Ox,X →֒ Kx = K
induces the inclusion
Ox,X ⊗Ox,X Oy,Xα = Oy,Xα →֒ Kx ⊗Ox,X Oy,Xα = K = Ky.
Hence the conclusion follows.

Proof of Theorem 6.1 The above lemma yields the following short exact
sequence of chain complexes
0→ C˜•(U ,OX)→ C˜
•(U ,KX)→ C˜
•(U ,HX)→ 0
which induces a long exact sequence in blown-up Čech cohomology
0→ H˜0(U ,OX)→ H˜
0(U ,KX)→ H˜
0(U ,HX)→ H˜
1(U ,OX)
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→ H˜1(U ,KX)→ H˜
1(U ,HX)→ . . .
By Proposition 5.2, H˜1(U ,OX) = 0. Since
H˜1(U ,OX) = lim
−→
α
H1(Uα,OXα),
for any class ω ∈ H1(U ,OX) there exists a multi-blowup α : Xα → X
such that α∗ω = 0 in H1(UαOXα). To finish the proof it is enough to
take ω = ζ(s).

Remark 6.1. It follows from the above proof that there is an isomor-
phism of OX(X)-modules
H˜q(U ,KX) ∼= H˜
q(U ,HX)
for q ≥ 1.
7. An Example
In this section we provide an example (based on [3, Example 12.1.5])
of a quasi-coherent locally free sheaf F on R2 of infinite rank such that
for any multi-blowup α : Xα → R2 the pull-back sheaf α∗F is not
generated by global sections. This shows that the version of Cartan’s
Theorem A from our paper [14] cannot be generalized to quasi-coherent
sheaves.
For k, l ∈ N, the irreducible polynomial
Pk,l(x, y) = x
2k(x− 1)2l + y2
has at most two zeros, c1 = (0, 0) and c2 = (1, 0). Put Ui := R2 \ {ci},
i = 1, 2. Then the transition function
g2,1 : U1 ∩ U2 → GL(1,R) = R
∗
(x, y) 7→ Pk,l(x, y)
determines a vector bundle ξk,l of rank 1 on R2. The sheaf Fk,l of
its sections is locally free of rank 1. A global section s of ξk,l can be
described as a pair of regular functions
si : Ui → R, i = 1, 2
such that g2,1s1 = s2. It is clear that the bundles ξ0,l and ξk,0 are trivial
line bundles.
Suppose now that k, l > 0 and set si = fihi where fi and hi are
relatively prime polynomials. Then Pk,lf1h2 = f2h1. Since Pk,l cannot
divide either h1 or h2, we get f2 = λPk,lf1 and h1 = λ−1h2 with some
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λ ∈ R, λ 6= 0. Therefore any global section s has to vanish at c1 = (0, 0),
and thus Fk,l cannot be generated by global sections.
Similarly, if we put g1,2 = Pk,l(x, y) in the above construction, then
we obtain a locally free sheaf of rank one such that every global section
vanishes at c2.
The case (k, l) = (1, 1) is treated in [14]. It is showed there that if
σ : Xσ → R
2 is a blowup of the plane at the origin, then the global
section of σ∗F1,1 given by the pair s˜ = (s˜1, s˜2) with
s˜1 =
1
(x2 + y2)σ
and s˜2 =
P σ1,1(x, y)
(x2 + y2)σ
does not vanish on Xσ.
Let τ : Xτ → R2 be a blowup of the plane at the point (1, 0). In a
similar way, the global section t˜ = (t˜1, t˜2) given by
t˜1 =
((x− 1)2 + y2)τ
P τ1,1(x, y)
and t˜2 = ((x− 1)2 + y2)τ
is a nowhere vanishing global section of τ ∗F1,1.
Lemma 7.1. Let k, l ∈ N, k, l > 0, d1, d2, . . . , dr be a finite number of
points of R2 distinct from c1 and c2, σ : Xσ → R2 be a multi-blowup at
d1, d2, . . . , dr and D = {d1, d2, . . . , dr}. Then
σ∗ξk,l|Xσ\σ−1(D)
∼= ξk,l|R2\D
and the pull-back σ∗ξk,l is not generated by global sections.
Proof. Since a blowup is biregular off the exceptional divisor, it is
enough to show that ξk,l|R2\D is not generated by global sections. Let
Vi := Ui \ D, i = 1, 2. Then the reasoning from the beginning of
this section can be repeated verbatim with the Ui replaced by the Vi,
i = 1, 2. 
Before stating the next lemma, we recall the construction of the
blowup at the origin σ : Xσ → R2. We have
Xσ = {(x, y, u : v) ∈ R
2 × P1(R) : xv = uy}.
We can cover Xσ with two Zariski open subsets
Ω1 = {(x, y, u : v) ∈ Xσ : u 6= 0} and Ω2 = {(x, y, u : v) ∈ Xσ : v 6= 0}
with local coordinates
(x,
v
u
) and (
u
v
, y)
respectively. In these local coordinates σ is expressed by the formulas
σ(r, s) = (r, rs) and σ(r, s) = (rs, s),
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respectively.
Lemma 7.2. The pull-back σ∗ξk,l is a trivial line bundle on Ω2 and
σ∗ξk,l|Ω1 is isomorphic to ξk−1,l on Ω1 ∼= R
2
r,s.
Proof. The first assertion is obvious since c2 /∈ σ(Ω2). To verify the
second one, compute the transition function of σ∗ξk,l|Ω1:
g˜21(r, s) = P
σ
k,l(r, s) = r
2(r2k−2(r − 1)2l + s2) = r2Pk−1,l(r, s)
on Ω1. But the line bundle η on Ω1 with the transition function r2 is
trivial on Ω1. Therefore
σ∗ξk,l|Ω1
∼= ξk−1,l ⊗ η ∼= ξk−1,l
as asserted.

Similarly, let τ : Xτ → R2 be a blowup at the point c2. We have
Xτ = {(x, y, (u− 1) : v) ∈ R
2 × P1(R) : (x− 1)v = (u− 1)y}.
We can cover Xτ by two Zariski open sets
Ω1 = {(x, y, (u−1) : v) ∈ Xτ : u 6= 1} and Ω2 = {(x, y, (u−1) : v) ∈ Xτ : v 6= 0}
with local coordinates
(x,
v
u− 1
) and (
u− 1
v
, y)
respectively. In these local coordinates τ is expressed by the formulas
τ(r, s) = (r, (r − 1)s) and τ(r, s) = (rs+ 1, s)
respectively. As before, we obtain
Lemma 7.3. The pull-back τ ∗ξk,l is a trivial line bundle on Ω2 and
τ ∗ξk,l|Ω1 is isomorphic to ξk,l−1 on Ω1 ∼= R
2
r,s.

In view of Lemmas 7.1, 7.2, 7.3 it is clear that blowing up at a
point d 6= c1, c2 is immaterial and what improves the bundle ξk,l is
only successive blowing up at the points (0, 0) or (1, 0) on the chart
Ω1. Each such blowup transforms the initial line bundle (isomorphic
to ξp,q) to the line bundle ξp−1,q or ξp,q−1, respectively, on the chart Ω1.
We must continue until we attain the line bundle ξ0,q or ξp,0, with some
0 ≤ p ≤ k, 0 ≤ q ≤ l, which is generated by global sections. In this
manner, we have proven the following
Proposition 7.1. Let σ : Xσ → R2 be a composition of r blowups and
k, l ∈ N. If the pull-back σ∗ξk,l or, equivalently, σ∗Fk,l is generated by
global sections, then r ≥ min(k, l).
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
Remark 7.1. The composition α or β of k or l blowups σ or τ at the
points (0, 0) or (1, 0), respectively, on the successive charts Ω1 trans-
forms ξk,l to a trivial line bundle. Indeed, it is not difficult to check
that the nowhere vanishing section on Xα is given by s˜ = (s˜1, s˜2)
s˜1 =
1
(x2k + y2)α
and s˜2 =
P αk,l
(x2k + y2)α
.
And that the global nowhere vanishing section on Xβ is given by t˜ =
(t˜1, t˜2)
t˜1 =
((x− 1)2l + y2)β
P βk,l(x, y)
and t˜2 = ((x− 1)2l + y2)β .
We immediately obtain
Corollary 7.1. Let
F :=
∞⊕
k=1
Fk,k
be a quasi-coherent locally free sheaf of infinite rank on R2. Then for
any multi-blowup α : Xα → R2 the pull-back α∗F is not generated by
global sections.
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